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Qh| Magueijo and Smolin have introduced a modification of the Lorentz group for 

■ the momentum-space transformations in Doubly-Special Relativity. As pre- 

. sented the group is non-linear, but we show that it is a group of fraction-linear 

CN \ transformations in 4 dimensional real projective space. We pass to the associ- 

ated 5 dimensional linear space and identify the subgroup as a conjugate of the 
ordinary Lorentz group, giving the conjugating matrix. Taking the dual of the 
0^ \ 5-space, we identify a subgroup as the Lorentz transformations about a point 

' different to the origin. 
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^ In connection with Doubly-Special Relativity (for a review article see Ref [1]), 

Magueijo and Smolin [2] have introduced a group of transformations on momentum 
space. These are: 
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for a boost along the z-axis. These equations are non-linear, but can be seen to 
be fractional- linear. First let us simplify the notation by writing A = l p (the Plank 
length) and v = — tanh ip, where ip is the rapidity parameter. We now write 
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where \x = 0,1,2,3, p\ = p x ,P2 = Py,Pz — Pz and ir^ is an extra, fifth, coordinate. 
A simple check then shows that the transformation (1) is induced by the following 
linear transformation of the five n variables. 
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which is described by the matrix 
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The transformations form a 1-parameter group. If, similarly, we compute the 
matrices for x and y boosts and for spatial rotations, we can write the infinitesimal 
generator for the general element of the 6-dimensional Lie algebra: 
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where a,b,c,p,q,r are the parameters for boosts and rotations respectively. The 
limiting case A = gives the usual Lorentz algebra L in the first four coordinates. 



From direct calculation we find that l\g\ 
conjugator g\ is given by 
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g x l , i-e. l\ = g\l g x l , where the 
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By exponentiation, the Magueijo-Smolin group is conjugate to the ordinary Lorentz 
transformations (in the first four variables), by the same conjugator g\. 

For a geometrical characterisation of these 5-dimensional transformations, let us 
look at the dual space to the space of tt's, with dual transformations defined in the 



2 



following way. Given a transformation M on a space, define a dual transformation 
M by 

;M(0,M(x)) = (£,x> (7) 



for a covector £ and vector re, where ( , ) represents the contraction between them. 
This has the homomorphism property that M\M 2 corresponds to MiM 2 . To find 
matrix expressions for M and M, suppose we have bases and in the dual and 
original spaces, and define 
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Then for any covector and vector J2 x i e i, h follows from linearity that 
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in matrix notation. Then by (7) and (9) and the arbitrariness of £ and x it follows 
that 

M = (AM~ 1 A~ 1 ) T (10) 

In orthodox special relativity A is the Minkowski rj = diag(l, — 1, — 1, —1), so for 
the 5-dimensional case let us extend this minimally by choosing for A: 
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(writing the matrix in block diagonal form). 

The general form of the transformations on 7r-space may be written: 
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where A is a Lorentz transformation on the first 4 coordinates, and e is the row vector 
(1, 0, 0, 0). (This is the generalisation of (4) and can be verified using exponentiation 
and conjugation with (5) and (6).) If M is the matrix in (12), it can be verified that 
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Then by (10), and the facts that 

A T r] = rjA' 1 , r]A' l r] = A T , r}A T = A^rj 

and 
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Thus the transformations dual to (12) may be written 
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These leave x 4 fixed, while if x A = 1 the other coordinates transform by 

x -> A(x + Xe T ) - Xe T 



(17) 
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This is a Lorentz transformation, though not about the origin but about the "Plank- 
time" point — Xe T . Lorentz transformations about this point, and the Lorentz trans- 
formations about the origin, are subgroups of the Poincare group conjugate to each 
other by a translation. 

Since momentum space is the cotangent space (with cotangents at different points 
identified using the trivial connection on the flat spacetime), the dual is the tangent 
space, and we see that the above subgroup when acting in four dimensions is a non- 
linear (because not origin preserving) set of transformations on the tangent space 
at an arbitarily chosen origin in the underlying position space. These cannot be 
the induced maps to maps on the position space which leave the chosen point fixed 
(since the induced map is linear), and this illustrates the difficulty in finding suitable 
position space transformations in four dimensions, even non-linear ones. 

The fact that x 4 is left invariant by the Lorentz-type subgroup suggests that the 
fifth coordinate may be connected with the proper mass, something which appears 
in orthodox special relativity only as an external parameter. If it does have this 
significance then mass is entering the formalism just as time previously entered the 
formalism, changing its status from external parameter to an extra degree of freedom. 
More general transformations in which the fifth coordinate is changed would then 
correspond to a freedom to change the proper mass. 
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